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We investigate one-dimensional three-state quantum walks. We find a formula for the

moments of the weak limit distribution via a vacuum expectation of powers of a self-
adjoint operator. We use this formula to fully characterize the localization of three-state

quantum walks in one dimension. The localization is also characterized by investing the
eigenvectors of the evolution operator for the quantum walk. As a byproduct we clarify

the concepts of localization differently used in the literature. We also study the contin-
uous part of the limit distribution. For typical examples we show that the continuous

part is the same kind as that of two-state quantum walks. We provide with explicit
expressions for the density of the weak limits of some three-state quantum walks.
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1. Introduction

Since the quantum walk (QW, hereafter) was introduced in mathematical way, the
weak limit theory is nowadays well-known at least for one-dimensional two-state
walks. When divided by a linear scale in time, the distribution of QW converges
weakly. For details, we refer to Refs. 1, 4, 9-12, 16.

The linear scale of propagation in the QW, which is compared to the square root
rate in the classical random walk, can be used to speed up a quantum algorithm.?
On the other hand, an opposite property, called localization, has also been observed
in QWs, which causes exponential suppression of computations. See Refs. 5, 8, 13,
17 and 21.

In this paper we investigate one-dimensional three-state QWs in discrete time,
which is motivated by Ref. 6. By a three-state, it means that the intrinsic structure,
or a coin space, has a degree of 3. Two of them represent the left- and right-chirality,
as usual, and the remaining one is for the central chirality. By this defining property,
one guesses that there may occur a localization in this model and in fact it is shown
to be true for the Grover walk in Refs. 3, 6, 15 and 19. The purpose of this paper is
to discuss the distribution and localization property for the general one-dimensional
three-state QWs. We remark here that we discuss the scaled limit distribution and
therefore the localization is also understood in that point of view (Definition 4.1).
However, it turns out that it is equivalent to the concept generally used in the
literature. See Theorem 4.10.

We briefly summarize the contents of this paper. In Sec. 2, we introduce the def-
inition of one-dimensional three-state QWs. In Sec. 3, we discuss the scaled limit
distribution and moments. We represent the dynamics in the Fourier transform
space and find a characteristic function of the scaled limit distribution. It is rep-
resented as a vacuum (or initial state) expectation. We consider some examples
including a Grover walk and a natural extension of two-state walk to three-state
walk. Section 4 deals with a localization problem, which is another main topic of
this paper. We give necessity and sufficiency for the occurrence of a localization.
For the characterization we use the representation formula for the moments and
investigate the eigenvalues and eigenvectors of the generator of the QW evolution.
We end with some examples.

2. Preliminaries

The definition of QWs in mathematical way can be found in several papers. See
for example, Refs. 1, 4, 11, 12 and 16. Here we follow the description introduced in
Ref. 9 modifying for three-state walks.

A quantum particle has an intrinsic degree of freedom, called chirality. This
chirality is represented by a 3-dimensional vector: we represent them in C3 and call
the vectors [1 0 0], [0 1 0]T,and [0 0 1]T, the left, center, and right chi-
rality, respectively, in that order. Here, and later, [a b ¢]T denotes the transpose
of the vector [a b ¢]. The spatial movement of the particle is given as follows. At
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time n € Ng = {0,1,2,...}, the probability amplitude of finding the particle at site
x € Z with chirality state being left, center or right is given by a three-components
vector

VYn(1;2)
Yn(z) = |Pn(2;2)| € C. (2.1)

Vn(3; )
After one unit of time the chirality is rotated by an a priori given unitary matrix
U. According to the final chirality state, if the particle ends up with left chirality,
then it moves one step to the left, if it ends up with central chirality, it stays at

the present position, and if it ends up with right chirality, it moves one step to the
right. For a detailed description, let a unitary 3 x 3 matrix U be given by:

a1l aiz2 ais
U= a21 QA22 Q23 :ZL+C+R; (22)

|31 a32 a33 |

ai; a2 Q13 0 0 0 0 0 0
L=10 0 0, C=lan a2 as|, R=1|0 0 0. (23)
0 0 0 | 0 0 0 asy @32 a3z

Then tl_1e dynamics for 1, = (¥, (2))secz is given by
Unt1(z) = Lby(x + 1) + Cop(z) + Ry (z — 1). (2.4)

Next we describe the dynamics in a Fourier transform space. For each x € Z,
let H, := C? be a copy of the chirality space. Let

H = ®rezHa (2.5)

be the direct sum Hilbert space, on which the evolution of a QW will be developed.
Notice that H is isomorphic to the Hilbert spaces (?(Z,C?) and [*(Z) ® C3. For
each x € Z, let
1
es(k) = et keK:=(—m, 7, 2.6

(k) = o= (- (2.6)
K being understood as a unit circle in R2. The set {e; },ez defines an orthonormal
basis in L?(K). For each k € K, let h; be a copy of C* and let

N (&)
H = / hedk ~ L*(K,C?) ~ L*(K) ® C? (2.7)
K

be the direct integral of Hilbert spaces. The Fourier transform between [?(Z) and
L?(K) naturally extends to a unitary map from H to H by

¥(1;x) (13 k)
b =4 |e(22) eH =13 |p(2k) €H, (2.8)
3k e DGR o
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where

Disk) = pizw)e k), i=1,2,3. (2.9)

T€EZ

Its inverse is given by zz; — 1) with

w(x):/ﬂ Lok (k)dk € Ha.

—r V27
Let us denote by 7' the left translation in [2(Z):
(Ta)(x) =a(x+1), fora=(a(x))sez- (2.10)
T is a unitary map whose adjoint is the right translation:
(T*a)(z) = a(x — 1), for a = (a(x))zrez. (2.11)

The operator T naturally extends to H = @,czH, and for the sake of simplicity
we use the same notation 7" for the extension. Given an operator (3 x 3 matrix) B
on C3, we let

B := ®.ezB (2.12)

be the bounded direct sum operator acting on H.
With these preparations we can rewrite the dynamics of a QW as an evolution
map in the Hilbert space H. Notice that Eq. (2.4) is the same as

Unt1(x) = L(TY,)(x) + CYp(z) + R(T* Y, ) (2), =€ Z, (2.13)
which we can write in a single equation:
Uni1 = (LT + C + RT* )i, (2.14)

It is not hard to see that the operator LT+ C+RT*isa unitary operator on H.
Thus the solution to (2.14) is easily seen to be

Y = (LT + C + RT™)"1h. (2.15)
This is the time evolution of the QW that we are looking for.

Now we find the evolution of the QW in a Fourier transform space. Notice that
the translation operator 7' is represented as a multiplication operator by e~ in
the Fourier transform space. Thus, the evolution in (2.15) has the representation
in Fourier transform space as follows:

Un (k) = U (k)" o (k), (2.16)
where
e 0 0] [an a2 a3
Uk)y:==10 1 0 as1 Qo Qo3| . (2.17)

0 0 €Zk az1 Q32 ass

The probability density to find out the particle at a site € Z at time n is
simply

[ (@)I? = [¥n(152)* + [n (25 2) 2 + [ (33 2) 2, (2.18)
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or it can also be given by
2

e~k (k)dk

T

H —x V2w
- L /7r ek, (15 k)dk
- 27T . n I

2
}. (2.19)

The matrix U(k) in (2.17) is unitary and it is diagonalized as

2 s o 2
+' / e~k (25 k)dk

+ I/Tr e~k (3; k) dk

eiﬁfl(k) 0 0
Uk) = Sk)y| 0o ek o | S(k)*
0 0 eiv3 (k)
=: S(k)e'P® S(k)*, (2.20)
where S(k) is a unitary matrix and
71(k) 0 0
D(k) = 0 o (k) 0 1. (2.21)
0 0 (k)

3. Limit Distributions and Their Moments

In this section we discuss the limit distribution of the walk. We focus on the weak
limit with a scaling by time n. We will find the characteristic function of the dis-
tribution. First, we derive the limit and then we give some examples.

3.1. Existence of weak limits

We start with some preparations. Let us define a self-adjoint matrix H (k) by H (k) =
S(k)D(k)S(k)*. Then we can write

U(k) = R, (3.1)

Lemma 3.1. The eigenvalues of U(k) are simple for all k € K except at most
finitely many points.

Proof. Define a function D : C x K — C by
D\ k) :=det(U(k) — ).
The characteristic equation D(\, k) = 0 is written as

N —a(k)\? +da(k)) —d =0, (3.2)
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with
a(k) = e a1t + as + e*ags,
d=detU(k) =detU.

Here we have used the unitarity of U (k) to get the coefficient of A: that is, denoting
it by b(k) we have

b(k) = e *(a11a00 — a19a21) + ¥ (asnazs — aszase) + (a11a33 — ayzazi)
=da(k).

Notice that the coeflicients are analytic as a function of the variable z := ik. From
the formula for the roots of polynomials of degree 3, it is easy to see that the
characteristic equation (3.2) has simple roots for all £ € K but at most finitely
many exceptional points. O

Lemma 3.2. The eigenvalues and eigenvectors of U(k) are continuously differen-
tiable on K except at most finitely many points.

Proof. By Lemma 3.1 the eigenvalues of U(k) are simple for all £ € K with at
most finitely many exceptional points. Now the statements of the lemma can be
proven by using an implicit function theorem. See for example Refs. 7 and 14. O

Theorem 3.3. The weak limit ,u(U”Z’O) of the distribution XflU;wO)/n exists and
there is a self-adjoint operator B € B(H) such that

|t ) = o, ) (33)
The operator B is given by

(&)
B= /K B(k)dk, (3.4)

where

0 0 (k)

Proof. For the proof we adopt a method used in Ref. 10. For the reader’s conve-
nience we repeat here. Recall the random variables {XT(LU;wO)}nZO. We start with
the computation of the characteristic functions:

E 1tX(U “’0) Z eztz”w ”2

EA<YA
= Wm eit.wn>l2(Z,C3)
= <$na@>ﬁ~ (3.5)
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We see that eﬂw\n(k) = @n(kz + t) by understanding in(k:) as a periodic function
of period 27 on the real line. Therefore, we have

s

E(e“xéu;wj)) — / (D (k) Y (k + 1)) cadk

—T

- / (Bo(k), e~ IO i I+ 5o )y e (3.6)

—T

where we have used (2.16) and (3.1) in the second line. Let us compute the limit

lim E(e/t/n X))

= lim [ (¢o(k),e H® B/ 1) b0k 4t /n))eadk. (3.7
Using the diagonal matrix D(k) in (2.21), we have
efinH(k) einH(k:+t/n)
= S(k)e mP®E S(k)*S(k + t/n)emPEH/MIS (| 4t /n)*. (3.8)

By Lemma 3.2, we know that S(k) and D(k) are continuously differentiable on K
except at most finitely many points. First we assume that they are continuously
differentiable for all £ € K. We see that

S(k)*S(k+t/n) =1+ Sk)"(S(k+t/n)—S(k))
=1+ S(k)" S (ki)t/n, (3.9)
where ky € (k, k + t/n). Similarly,
gD (k) ginD(k+t/n) _ iD'(ka)t
with ko € (k, k +t/n). Using these relations we have
e inH ) ginHkt/n) — §(k)eP"h2)tS (k)" + R, (k),

where lim,, .o, R, (k) = 0 uniformly in k£ € K. Thus we get the limit in (3.7) as

Jim B < G0, S B GoBesdh. (3:10)

Thus we have for the weak limit Z(Vi¥o) of XT(LU;wO)/n
E(eitz(U;wO)) _ <'(ZJ\07eitB{p\0>ﬁ7 (311)

with B defined in (3.4).
Now suppose that the eigenvalues (and eigenvectors) have finite exceptional
points where they are not continuously differentiable. Let K’ be the set K excluding
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the finite exceptional points. By using the trick in (3.8) and (3.9), we see that

~

E(e/m5) = / (o (k), e~ IO I I o (k 4t /) cadk

~

- / (Bolk), S(R)e™ ES (k 4 t/m) o (k + t/n))csdk
+/ (Do(k), S(R)ePE S (k)" (S(k + t/n) — S (k))ePF+t/m)

- S(k+ t/n) ok + t/n))cs dk
=:I1(n) + Izx(n),
where ko € (k, k+t/n). Notice that lim, .. S(k+t/n) = S(k) and limy, s ¢o(k+

t/n) = zz;o(k). Thus by using dominated convergence theorem, we see that

lim I;(n) = / /(ﬁo(k),S(k)eiD'(’“)tS(k)*Jo(k))cgdk,

n—oo

lim Iz(n) = 0.

n—oo

This ends the proof. O

Corollary 3.4. The moments of u(Us¥0) are given by

/ 2" U0 (dx) = (o, B"o)zg, n=0,1,.... (3.12)

— 00

3.2. Examples
3.2.1. Grover walk

We first consider the Grover walk discussed in Ref. 6. The unitary operator U is
given by

) -1 2 2

U=-| 2 -1 2
3

2 2 -1

The eigenvalues 71 (k), v2(k), and v3(k) of H(k) are 0(k),0, and —6(k) with
1
cosO(k) = —5(2 + cosk).

The corresponding normalized eigenvectors are
_ 1 -
1+ ei(7; (k)+Fk)
1
1 4 eilvs (k)

1
|1+ et ()

|©;(k)) = 1/ cr(v; (k)

1650025-8
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where

-1
=2 1 P N 1
iy 1+cos(y—k) 1+4cosy 1+ cos(y+k) '

Obviously, the eigenvalues and eigenvectors of H (k) are continuously differentiable
except at k = 0.
3.2.2. Three-state walk from two-state walk
Let

a b

c d
be any 2 X 2 unitary matrix. Let ags € C be any complex number with |ags| = 1.
Consider the unitary matrix

U =

a 0 b
U:=10 a2 0f. (313)
c 0 d

Let A+ (k) be the eigenvalues of the matrix

e~k a
Va(k) = l 0 e?kl [c Z]

Then it is not hard to see that the eigenvalues of

e 0 0 a 0 b

UFk):=1 0 1 0] [0 ax 0
0 0 e*][c 0 4
are Ax(k) and agy. In fact, if ex(k) = [aF (k) aF(k)]” are the eigenvectors of

Us (k) corresponding to the eigenvalues Ay (k), then the eigenvectors of U(k) cor-
responding to the eigenvalues Ay (k) are given by éx(k) := [af(k) 0 ai(k)T.
And the eigenvector corresponding to the eigenvalue age is [0 1 0]7. The eigen-
values Ay (k) and eigenvectors eq (k) are continuously differentiable on K, see e.g.,
Ref. 10.

4. Localization

In the two examples of the previous section, the eigenvalues of the operator U (k)
contain a constant, not depending on k. This results in a term that does not depend
on the variable ¢ in the characteristic function p(Us%0)(t) of ;(Vi¥o). That is, the
measure x(Ui%0) has a portion of Dirac measure at the origin. This phenomenon
has already been observed in other papers, see Refs. 3, 15, 18-20. In particular,
in Refs. 18 and 20, the authors investigated the deformations of the Grover walk
persisting to the stability of the point spectrum.

1650025-9
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4.1. Localization

In this subsection, we thoroughly investigate the localization of the three-state
QWs. Before going further, we remark that in the literature the localization is
sometimes understood in the following sense?6:15:19;

lim P(X{U¥) =) >0 for some z € Z. (4.1)

But, since we consider the scaled limit, the localization, when it occurs, is observed
only as a Dirac measure at the origin. Moreover, as we will see later, localization
depends not only on the unitary matrix U that generates the QW but also on the
initial conditions. Therefore, we make a precise definition of localization as follows.

Definition 4.1. Let us consider the QW driven by a unitary matrix U. We say
that the QW has a strong localization if there is an initial state 1y such that the
relation (4.1) holds. We say that it has a weak localization if there is an initial state
1o such that the weak limit ;(V3%0) of the distribution X,SU”J’“)/n has a portion of
Dirac measure at the origin. That is, we have a decomposition:

M(U§w0) — 06(50 + (]_ — a)ul (42)
with a > 0.

Remark 4.2. As mentioned above, since we are considering the localization
through scaled limit, by localization in this paper we always mean a weak local-
ization and we omit the prefix “weak” for simplicity. However, in Theorem 4.10, it
will be seen that the two concepts of localization are equivalent.

As mentioned before the existence of constant eigenvalue for U(k) is closely
related to the localization. Before investigating it we study when it has a constant
eigenvalue.

Lemma 4.3. The unitary operator U(k) has an eigenvalue Ao not depending on k
if and only if \o satisfies the following two equations simultaneously.

a1\ = dass,

/\8 — a22)\(2) +daxiy —d=0.

Proof. We can rewrite the characteristic equation (3.2) as follows:
e~ *(dazmA — ann)?) + e*(damh — azzA?) + (A2 — ag\? + dam) — d) = 0.
(4.3)
By the linear independence of the functions {e =%, e’ 1} we see that Eq. (4.3) has
a constant solution \g if and only if it satisfies the equations in the statement of

the lemma and daiTA — assA? = 0, but the last equation is equivalent to dazz\ —
a1 A2 =0, and we are done. O

The following proposition gives an equivalent condition to Lemma 4.3 in terms
of matrix components of U, which is easier to check when the localization occurs.

1650025-10
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Proposition 4.4. The unitary matriz U(k) has a constant eigenvalue \o if and
only if the following equations are satisfied:

ai1Xo = dazs,
__ 9 9
(33~ 012021 = 071023 432

Proof. Suppose that )\ is a constant eigenvalue of U(k). We may assume a1; #
0 # as3. By Lemma 4.3 \g = d@z3/a11 solves the second equation in Lemma 4.3:

—\3 —\2 _
a a a
i <_) e <_) R g,
ari ati ari
Multiplying by a$, and factorizing we get
dazs®(dass — azeair) + ajy (dags ass — ayy) = 0.

Using the relations d asz — asea11 = —aiza21 and dagzs 33 — a11 = d a3 azz (which
hold by the unitarity of U) we get the second relation in the statement. Conversely,

if the two equations in the statement are satisfied, by reversing the argument, we
see that Ao = d@zz/a11 solves the equations in Lemma 4.3. O

Let us turn our attention to the localization of the three-state QW. It is conve-
nient to rewrite the moment generating operator in (3.3) in the following form:

"B = (k) (™1 F Py 4 €2 (K) Py 4 50 Py S (k) (4.4)
where P;, ¢ = 1,2, 3, are mutually commuting projections:
1 00 0 0 0 0 0 0
P=|0 0 0|, =01 0|, Ps=1(0 0 0].
0 0 0 0 0 0 0 0 1

The following is a simple extension of Riemann-Lebesgue lemma.

Lemma 4.5. Suppose that u(z) is differentiable and increasing (or decreasing) on
an interval (a,b) and g(x) is integrable on (a,b). Then,
b
lim @ g(z)dr = 0.

—
toca

Proof. Take a change of variable y = u(z) and use Riemann-Lebesgue lemma.
O

Theorem 4.6. The three-state QW driven by a unitary matriz U has a localization
if and only if the matriz U(k) has a constant eigenvalue.

Proof. Suppose that the three-state QW has a localization. Then ;(Vs%0) has a
decomposition as in (4.2) with o > 0. By (3.3) and (4.4) we have

PV (t) = (Do), S(R) (e Py 4 €2 Py - €70 Py S (k) o (k)
(4.5)

1650025-11
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Since the limit measure has a portion of Dirac delta measure at the origin,
from the formula (4.5) we can see that at least one of 7;(k)’s must be constant
on a subinterval of K. In fact, suppose the converse. Then on the intervals where
~vi(k), i = 1,2,3, are constant (which are nonzero if the case occurs in any way),
the R.H.S. of (4.5) results in an oscillating function of . On the remaining region,
~i(k)’s are increasing or decreasing and in the limit ¢ — oo they converge to 0 by
Lemma 4.5. Thus there is no term corresponding to the Dirac measure at the origin.
Therefore there must be a subinterval I C [0, 2] on which one of v/ (k)’s, say v4(k),
is zero, that is, 2 (k) is a constant v2 on I. Notice that the functions {e*ik7 1, e““}7
considered to be defined on I, are linearly independent. Thus by the argument
used in the proof of Lemma 4.3 ~9 solves the two equations in the statement of
Lemma 4.3. But this in fact shows that 7, is a constant eigenvalue of U (k) by that
lemma.

Now suppose that U(k) has a constant eigenvalue, say 2 := v2(k) is a constant.
Let us define the weights of the initial state to the direction of the eigenvectors by

Qg 1= Wo(k’)aS(k)PzS(k)*%(k»ﬁ, i=1,2,3. (46)
Notice that «; > 0 and Z?:l a; = 1. Let 9o be any initial state such that as > 0, i.e.
the weight of vy to the direction of the eigenvector corresponding to the eigenvalue
72 is positive. Let o(t) := p(Ui%0)(#) be the characteristic function of the distribution
pUs¥0)  Since v4(k) = 0, by (3.3) and (4.4) we have a decomposition:

o(t) = ag + (1 — az)pi(t), (4.7)

where

©1 (t) = 1 —10(2 <’(ZJ\0(]€)7 S(k)(elt’ﬁ(k)Pl 4 ezt’Yé(k)PS)S(k)*{p\o(k»ﬁ (48)

(In the case ap = 1, we have ¢(t) = 1 and the measure p(V%0) is just a Dirac
measure dg.) Notice that the constant 1 is a characteristic function of Dirac measure
0o and it is easy to see that o1(t) is a characteristic function of a probability
measure, say 1. Therefore we obtained a decomposition

U30) = 80 + (1 — an)pr. (4.9)

We have shown that the QW has a localization and the proof is complete. O

Example 4.7. Generalizing the Grover walk, Machida considered the following
parametrized family of unitaries for three-state quantum walk!®:

r 1+c S 1—rc 7
2\ 2
s s
U=U(®):= 2 ¢ | (4.10)
1—c¢ S 1+c¢
L 2 V22

1650025-12
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where ¢ := cosf and s :=sin 6 for 6 € [0, 27). Machida has shown that for all value
0 € [0,27), the unitary U(k) has a constant eigenvalue 1. He has also shown that
for the value 6y = Sinfl(—¥) + 27 the 3-state quantum walk generated by U ()
with initial condition 1/4/3 [1,1,1]7 does not have a localization. One can show
that in this case ag =0 in (4.6).

Example 4.8. (i) The two examples in Sec. 3.2 satisfy the conditions in Propo-
sition 4.4. Hence by Theorem 4.6 the localizations occur in the examples. In fact,
we can easily find initial conditions starting at the origin such that their weights
to the direction of the constant eigenvector are positive, for instance we take
o = [0,1,0]T.

(ii) Consider a unitary matrix

01 0
U=1]1 0 0
0 0 1
In this case
0 e 0
Uk)= |1 0 0
0 0 etk

and the eigenvalues of U(k) are e**, e="*/2 and —e~"*/2. Thus by Theorem 4.6 the
QW generated by U has no localization. See Fig. 1.

probability
035

030
025F

020 |

[T L position
—-100 =50

Fig. 1. (a) Grover walk, (b) three-state walk from two-state Hadamard walk, (c) Ex. 4.8 (ii).
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probability
035

0.30 |
0.25
0.20(
0.15

0.10;

50
(b)

probability
0.7

0.6
0.5
0.4
0.3
0.2

0.1

—100 =50 0 50
(c)
Fig. 1. (Continued)

4.2. Localization and the eigenvectors

In the previous subsection we discussed localization in the viewpoint of eigenvalues.
We observed that a localization occurs if and only if the matrix U (k) has a constant
eigenvalue. In this subsection we would like to see it in the viewpoint of eigenvectors.
Let us denote the unitary operation for the QW given in (2.14) by U. That is, the

n-step walk is given by

"/}n = ﬁnlﬁo

We notice that U is the inverse image of the unitary U (k) under the inverse Fourier
transform. We say that a vector ¢ = (¢(2))zez € [?(Z) ® C? is local or localized
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if ¥(x) = 0 except for finitely many = € Z. The following is a main result of this
subsection.

Theorem 4.9. A three-state QW driven by the unitary matriz U has a localization
if and only if the unitary U has a localized eigenvector.

Proof. Sufficiency is easy to show. Suppose that U has a localized eigenvector.
Let us run a QW with an initial state of local eigenvector. Then for all n, since the
walk never diffuse, the limit distribution for ¢,,/n is just a Dirac measure dg.

We now show the necessity. Suppose that there occurs a localization in the
walk. By Theorem 4.6 the matrix U(k) has a constant eigenvalue which is given
by Ao = dass/a;y by Proposition 4.4. Let &(k) = [£1(k), & (k), &(k)]T be the
corresponding eigenvector. We solve the eigenvector equation:

o~

(U (k) = Ao)&(k) = 0.

After some computation, by utilizing the translation invariance of the walk, we can
see that the (un-normalized) eigenvector is an element of

Hioe := span{&, € H : m € Z}. (4.12)
Here &, (k) = eimka)(k) and go(k) has the form:
- —ai2 1] 0
Cok)=e"®xo | ar1 | + [d2| +e¥No | a3 |, (4.13)
0 ®3 | —az2
where
b1 assai — aizazy | daz
G| = | =3 —anazs +azgars| = — | A3 +dan
3 a11a32 — az10i2 | dazs

The inverse Fourier transform &, of EO is given by

& = ([€1(2), &2(), &3(2)] ez, (4.14)
with
&u(x) = 6-1(z)(—Aoar2) + do(2)¢1,
&a(x) = d-1(x)(Noa11) + do()da + d1(x)(Noass), (4.15)
3(x) = do(x)d3 + 01(x)(—Aoasz). (4.16)

Now we see that &y (and also all the inverse Fourier transforms of Em’s) is a localized
vector. By taking an initial state from the space Hjoc, we would get a localization.
The proof is complete. O

In Fig. 2, the evolution of the walk operated on a localized eigenvector is depicted
graphically.
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Xoai1 @1 Aoass
()—)\oau @2 Q% —Xoaz
-1 i J+1

JE L
Fig. 2. The vectors [1,0,0]7 and [0,0, 1]7 are depicted as left and right arrows, respectively. The
self loop corresponds to [0, 1,0]7.

Combining Theorems 4.6 and 4.9 we can show that the two concepts of local-
ization, strong and weak, are equivalent.

Theorem 4.10. In the three-state QW driven by a unitary matriz U, the weak
localization and the strong localization are equivalent.

Proof. Suppose that the weak localization occurs. By Theorem 4.9 the operator
U has a localized eigenvector. If we take it as an initial state for the walk, then it
is obvious that the strong localization occurs. On the other hand, suppose that the
strong localization occurs with an initial condition . Then there is a j € Z such
that lim,, . P( (Uio) - j) = ¢ > 0. It is obvious to see that the limit measure
/L(UW’O) has a portion of Dirac measure at the origin with weight at least ¢, which
says that the weak localization holds. O

Example 4.7 and the next example show that when we say localization it is
indispensable to mention the initial conditions.

Example 4.11. Consider the following unitary matrix for a 3-state QW:

00 1
U:=1[0 1 0f. (4.17)
100

The matrix U (k) has constant eigenvalues 1. Let us consider the initial condition
Yo = [a, 3,7]T with all nonzero components starting at the origin. The walk does
not escape the region {—1,0,1}. Thus we get pUito) = §; and the weak localization
holds. But, there is no point « € Z such that lim,, IF’(X,(LU;%) = z) > 0. However,
let us consider the other initial condition

&0 = (&o(2))zez,
with

£o(z) = E((s_l(gc)[l, 0,0]" 4 6o(x)[1,1,1]7 + 61 (x)[0,0, 1]T).

We can easily check that &y is an eigenvector of U corresponding to the eigenvalue 1
and so lim,,— P(XT(LU;&)) =1x) > 0 for x = —1,0, 1. That is, the strong localization
holds.
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4.3. Density functions

In this subsection we characterize the properties of the second term in (4.7), i.e.
we find distributions that have characteristic functions 1 (t). It turns out that it
is possible to get the density functions but it looks rather complicated, in some
special cases we get a nice density function. Before going into typical examples we
draw some general notions. In this subsection we assume that the walk has a local-
ization at the origin, equivalently, we assume the U(k) has a constant eigenvalue.
By Proposition 4.4 we have |a11| = |ags| =: 7.

Let U(k) has eigenvalues e?1(F) ¢13() and a constant \g = dass/a1; =:
e'®=294) where we have put ¢ := argd and o := %(argai; + argass). From the
relation d = det U (k) = e*(m(F)+0-204+%(k)) we get

Y3(k) = 204 — (k). (4.18)

Now let us denote o := % (arg a1y — argass). From the relation Tr(U (k)) = em(k) 4
e0=204) 4 e13(k) = g1 e~ 4 a9y + asze’™, using (4.18) we get the relation

1 . A
cos(y1(k) —o4) =rcos(k —o_) + 567“7* (age — ' (0729+)), (4.19)

By differentiating both sides w.r.t. k we get the relation

, rsin(k —o_)
71 (k) = S (F) —os) (4.20)
For convenience, which will be shown later, we take a random initial condition
in the following way. Let © := {1, 2,3} and Q be the distribution on Q with Q(w) =
1/3, w = 1,2,3. We denote the random initial condition by 1\ with ¢{" = e;,
1/)(()2) = es, 63) = e3, where e; = [1,0,0]7, ex = [0,1,0]7, e3 = [0,0,1]7. We call
this a “mixed initial state”.
We first consider the example of Sec. 3.2.2; a 3-state walk coming from 2-state
walk. Notice that in this example the localization occurs.

Proposition 4.12. In the example of Sec. 3.2.2, let us take a random initial con-
dition mentioned above. Then the distribution corresponding to the characteristic
function p1(t) in (4.7) has a density of the form:

VI
(-2t 2

fr(z;r) = L=y ().

Remark 4.13. We notice that the term W\/f\/ﬁ——ﬂ is a typical factor in the
density of two-state QWs.%11:12

Proof. (of Proposition 4.12) The constant eigenvalue \g is equal to ass. Therefore
the last term in (4.19) disappears resulting in:

cos(y1(k) —o4) =rcos(k —o_). (4.21)
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Let o@)(t) = QD(U;wéw))(t) be the characteristic function of the distribution
uU6”) Taking the expectation w.r.t. Q we get

E%p«)(1)] = Qo5 (k), P o5 (k) 7]
1 2

“& ), Tr(e"BS*(k)(|le1)(e1] + |e2)(ea] + |es)(es])S(k))dk

27
= Gi (e (F) 41 4 ¢i3) gk
T Jo

1 1 2

=3t ) (e ®) 4 o=t (k) g (4.22)

where we have used the relation (4.18) in the last line. Now let us put

x = (k) == (k) = % (4.23)

From (4.21) and (4.23) we have

) r2 g2
COS (’71(/{3) — O'+) = m (424)
By direct computation we can see that
1—1r?)cos —
1’/(/{3) _ ( r )COS(F)/l (k) U+) ) (425)
(1= cos? (31 (k) — 07))/2
Putting (4.23) into (4.22) and using (4.24)—(4.25) we finally get
o2 [, V1—12
E¢p) (1) = = + —/ et da. 4.26
OO =g 45 | (4.26)
This completes the proof. O
We next consider another example. Let us rewrite (4.19) as
cos(v1(k) — o) =rcos(k —o_) +n, (4.27)

by denoting n = %e’“’* (agy — €'®=29+)), Notice that we have n = 0 if and only if
the generating unitary matrix is of the form in (3.13).

Proposition 4.14. Suppose that the equality r = 1— || holds. By taking a random
initial condition described in this subsection, the distribution corresponding to the
characteristic function ¢1(t) in (4.7) has a density of the form:

Vi—r
(1 — J;Q)ml[_ﬁ’m(x).

Proof. The proof parallels that of Proposition 4.12. The key point here is that
under the condition given in the proposition we get a factorization and many

fr(z; \/7_”) =
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computation reduces to simple forms. For example, if < 0 and we have r? =

(14 7)?, then we can compute to get
s _ 2041 - cos((k) ~ 1)
1= cos(7 (k) — o)
Now we follow the same lines done in the proof of Proposition 4.12 to finish the
proof. O

Remark 4.15. (i) Stefaidk et al.'® considered the following parametrized coin
(unitary) operators which generalize the Grover walk:

2

—p pV2=2p2 1= p?

Ulp) = |pvV2—2p% 20 =1  py/2-2p%|, pe(0,1).
L—p*  py/2—2p? —p°

It is easy to check that this class of operators fall into the category that satisfies

the conditions of Proposition 4.14.

(ii) Machida has also obtained similar continuous measure for the three-state QW
generated by a different class of unitary matrices given in Example 4.7.15

It is an interesting open question to see whether in the localization setting (see
Proposition 4.4) the absolutely continuous part always has an fx-type density or
not.
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